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Abstract 

I discuss a scaling limit, where open strings in the WZW-model behave as 
dipoles with charges confined to a spherical brane and projected to the lowest 
Landau level. Then I show how the joining and splitting interactions of these 
dipoles are naturally described using the fuzzy sphere algebra. 
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1 Introduction 



The idea that space coordinates might be noncommutative is due to Heisenberg. Later 
Peierls showed that the coordinates of particles in strong magnetic fields become non- 
commutative upon projection to the lowest Landau level (LLL). However, this realiza- 
tion of noncommutativity is phenomenological and led Snyder to propose a fundamental 
quantization of space coordinates. In more recent times this proposal was successfully 
implemented for gauge theories on noncommutative spaces such as the noncommutative 
plane, torus P or sphere [2]. 

This begs the question as to why such deformations of ordinary quantum field gauge 
theory exist and whether this is related to the original phenomenological realization of 
noncommutativity as a projection to the LLL in strong magnetic fields. Indeed, in the fiat 
space case the low energy effective description of strings in a strong NS-NS background 
is given by noncommutative gauge theory |31 IH El El IE] • For reviews see 01113 (HI- It was 
emphasized in ^2] that at low energy strings behave as dipoles with the charges in the 
LLL and the joining and separation interaction of these dipoles is naturally described 
by gauge theory on the noncommutative plane [13 [121 • For further detailed studies see 

also [niiiniiiEiini. 

In this paper I explore a similar limit for open strings on group manifolds. I will 
concentrate on the SU(2) group but most of the analysis can be generalized to an arbi- 
trary group G . Note that AdS-s x S*^ x is an exact string theory background, thus the 
SU(2) WZW-model corresponds to the factor and can be embedded in string theory. 
Then, the D2-branes on which strings end are ordinary two spheres. I show that there 
exists a scaling limit similar to the one in flat space and then explore how the fuzzy 
sphere algebra arises naturally. The resulting noncommutative gauge theory on a fuzzy 
sphere was flrst derived by Alekseev, Recknagel and Schomerus in ^Hl- However, the 
derivation uses conformal fleld theory results and does not reveal the simple geometric 
picture of interacting dipoles which immediately leads to the fuzzy sphere algebra. Our 
derivation identifles the states of the string at low energy with the wave function of 
the dipole in the LLL. Furthermore, we also show that a remarkable formula used to 
describe multiplication on the fuzzy sphere has the direct physical interpretation as an 
interaction vertex. 

The paper is organized as follows. Section [21 contains a review of D-branes and open 
strings in the WZW-model. In section [31 I introduce a scaling limit and obtain the low 
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energy action. I quantize the reduced action in section E] and show how the joining and 
sphtting interaction is naturally described by the fuzzy sphere algebra. Finally, in the 
appendix I show how Kaluza-Klein reduction can be used to obtain the quantum states 
of the particle in a monopole magnetic field. 

2 D-branes in the WZW-model 

In this section we review D2-branes and open strings in the SU{2) level k WZW-model. 
This subject has a long history starting with Ishibashi and Cardy fOl 1201 who studied 
consistent boundary states in the WZW-model using current algebra techniques. In [23 
an action approach was used to show that D2-branes with magnetic flux and lying on 
conjugacy classes give a consistent extension of the WZW-model to open strings. It was 
realized in j22] that the Cardy states are nothing but the D2-brane conjugacy classes 
introduced in j2Tj. The relation of these D-branes to fuzzy spheres was first noted 
in ^H] and the noncommutative gauge field theory describing the low energy excitations 
of open strings was written down in [22] • Finally in [21], using the Born-Infeld action 
it was shown that these spherical D2-branes are stable. In this section I will review the 
WZW action of open strings on group manifolds following |25 , but using a different 
notation in order to agree with the standard conventions. 

2.1 Closed strings 

Before I discuss D-branes and open strings let me first consider closed strings. Just as 
the action of a particle coupled to a gauge field is not gauge invariant, the string 
coupled to the B^^, field does not have a gauge invariant action. To obtain a gauge 
invariant action one has to consider a closed path for the particle or a closed world sheet 
for the string. In the Minkowski formulation one can take the difference between two 
world sheets with the same initial and final string configurations. Let g : ^ G denote 
an arbitrary map from the world sheet to the target group manifold G connecting the 
initial and final string configurations. Also choose a fixed reference map g : T,q ^ G 
connecting the same initial and final string configurations'^. We can now form a gauge 
'^The use of the same letter g is intentional, as g denotes a single function defined on E — Sg 
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invariant combination from the WZW actions iSs and S^o given by 



'0 




'0 



£aTT{g-'d^gg-%g) + 
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k 



Tr [{r'd~gr''] 



(1) 



Here B is any 3-dimensional manifold such that its boundary dB satisfies dB = S — Sq , 
and g is an arbitrary map g : B ^ G such that it coincides with g when restricted 
to the boundary S — Sq . Note that since the second homology group H2{G) is trivial 
it is always possible to construct the map g . The second term is the nonlinear sigma 
model and the last term is the Wess-Zumino action. The only ambiguity in is in the 
choice of the manifold B and of the map g . The difference between two such choices in 
dH) is the integral of the 3-form H = [{g~^dg)^^] on a closed 3-dimensional sub- 

manifold of G. If the level k is an integer the ambiguity in the action is a multiple of 2n 
which is allowed quantum mechanically Mathematically, this is the statement that 
H G ii^{G, Z) i.e. H is an integral cohomology cycle. 

2.2 Open strings 

In the open string case the endpoints of the string are constrained to live on D-branes 
which are sub-manifolds of G. We further assume that there exist U{1) gauge fields 
localized on the D-branes. In this case S — So has two closed boundaries Ai and A2 
localized on the D-branes. If we further assume that the D-branes are simply connected 
Ai and A2 are contractable to a point. Let Si and S2 denote 2-manifolds with bound- 
aries Ai and A2 . Then S — Sq + Si — S2 is a closed 2-dimensional surface, as shown in 
the figure below. 



Let B denote any 3-dimensional manifold such that dB = S — Sq + Si — S2 and let B 
denote a two form such that dB = H . If F is the field strength of the U{1) gauge field 
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(2) 



J El JE2 



/ (F-B)- [ (F-B) 



Note that Q is manifestly gauge invariant since the gauge transformation B' = B + dAis 
accompanied by A' = A+A, thus F—B is gauge invariant. There are further ambiguities 
in Q besides the ones found in (^Q) related to the choice of Si and S2. Again quantum 
mechanics allows for a multiple of 27r ambiguity in the action and this implies that the 
integral on F on any closed two manifold must be an integer. In conclusion, we have 
found that the following topological quantizations 



are the necessary and sufficient conditions for a consistent path integral formulation of 
the open WZW-model. 

2.3 Born-Infeld stability analysis 

If D2-branes exist in the SU(2) level k WZW-model their ground state must be S'^ by 
symmetry. But there are no nontrivial cycles with this topology in G = SU(2) therefore 
there must exist a dynamical mechanism that stabilizes the branes. Indeed Bachas, 
Douglas and Schweigert used the Born-Infeld effective action to show that the S"^ branes 
are stable Let us briefly review their analysis. 

The metric in the SU (2) level k WZW-model is the standard S3 metric 



and the NS-NS field strength is up to normalization the volume 3-form on S3 given by 



Consider a spherical D2-brane located at some fixed ijj and carrying magnetic fiux m G Z 
satisfying < m < k. The uniform gauge field is 



H e h3(G,z) , F e B.\G,Z) 



ds^ = ka' + sinV + sin^6' dcj)^)] , 



H = dB = — sin^ijj sin 9 dip dO dcj) . 
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F = dA = -— sinOdO 



(3) 
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The energy of such a configuration (to lowest order in a') obtained using the Born-Infeld 
action is given by 

E^{^) = T(2) (19 d^Jdet{G + 2iTa'{B + F)) 
Jo Jo 

= Anka ^2) I sm ^ + —) 1 

where G and B are the induced metric and NS-NS 2-form and T(2) is the D2-brane 
tension. There is a unique minimum of the energy ioT < m < k given by 

vrm 
Vm = — ■ 

Furthermore, in [21] it was also shown that these spherically symmetric configurations 
are stable against small fiuctuations. A quadratic expansion around the spherical D- 
brane contains only positive mass terms except for three zero modes corresponding to 
translations of locations of the center of mass away from pole a.t tp = . 



3 Scaling limit 

In this section I consider the scaling limit obtained by taking k to infinity and holding m 
fixed. First I will write down the action for the SU{2) level k WZW-model describing 
open strings ending on the D2-brane located at ipm in a fixed gauge 

^1/2 ^ 



S = J dr J da ^1 [7/^2 + sin27/;(02 + sin2002^] - (4) 
[V^'VsinV(0'^ + sin2^0'^)] + (5) 



^_sin^^ sin^(^0'-^>)|+ (6) 

TTl 

dr — (cos 9_^ 0+ — cos 9^ (j)J) . (7) 

The terms dU and (0) are the nonlinear a-model part of the action. The term © is 
a local parameterization of the WZ-action with the B-field nonsingular aX ip = Q . The 
final term ((Tj) gives the coupling of the two ends of the string to the gauge field on the 
D2-brane ©. 

First do the following rescaling 

t 8 
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To motivate this rescaling first note that large k is the semi-classical limit and we expect 
string excitations to decouple. Since the brane is located at ipm = ^ and the string ip 
coordinate must be of order ipm it is useful to introduce a rescaled coordinate r which 
will be finite. The stable brane labeled by m is now located at 

m 

The rescaled time t is introduced so that the low energy states of the string are also of 
order one. Upon inserting (jH)) into the WZW action, the terms (jlj) and (jH)) scale as k""^ 
while the terms ^ and ((Zj) scale as k^ . Thus as /c — ^ oo the WZW action reduces to 

TTl 

dt — (cos(^+)0+ - cos(^_)0_) - (9) 
dt da^ [r' ^ + r\e'^ + sin^O 0' ')] . (10) 

Note that the quadratic kinetic term (0]) has disappeared and the action is already 
in Hamiltonian form. However now only the endpoints of the string have conjugate 
canonical momenta. The bulk of the string coordinates are auxiliary fields and can 
be integrated out. For large k the 5*3 sphere becomes very large and the strings see a 
flat metric. That is why I used r to denote the rescaled coordinate ip . In Cartesian 
coordinates, the equations of motion derived from (jlO|) are just x^' = , thus the string 
is just a straight line segment connecting two points on the D2-brane. Integrating these 
equations and plugging the solution back in ()10|) we obtain the Hamiltonian 

(11) 

where A denotes the length of the string. 

To review, I have found that the large k limit of the WZW open strings with the 
rescaling (jHJ behave like dipoles whose charges are connected by an elastic string of 
string constant Furthermore, no mass term is present for the charges therefore upon 
quantization only the LLL will be present. 
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4 The fuzzy sphere algebra 



In this section I will present a brief review of the fuzzy sphere algebra. Consider the 
following angular momentum truncation of functions of the S"^ sphere 

m I 

/(^''^) = EE^iW0)- (12) 

1=0 p=-l 

The space of truncated functions is denoted 5'^+i and could be used to obtain a finite 
number of degrees of freedom for a field theory on S"^. However, the set of truncated 
functions do not form an algebra with respect to the usual function multiplication so it 
appears difficult to write any interaction terms without higher angular momenta resur- 
facing. 

Fortunately a modified multiplication exists which makes the set of truncated func- 
tions ()12|) into an algebra. It is defined as follows. First recall that the spherical har- 
monics are traceless homogeneous polynomials in the normalized Cartesian coordinates 
Xa/r. Thus one can rewrite (fT^ as 

™a rf,a b _ rab 2 

/ = c° + c^- + cl, + . . . , (13) 

where the coefficients in p2|) and the symmetric traceless coefficients c^^ „^ in p3|) 
are linearly related. Let J° denote a = m + 1 dimensional representation of the su{2) 
Lie algebra and define X°' = f where p = 4r^/(A^^ — 1). Then satisfy 

We can now define a linear map M. : S"^ — > Mat(X) from the space of truncated 
functions (jl2j) to the space of X-dimensional matrices 

which takes a product of x°'s into the symmetrized product obtained by substituting 
each x° by The (complex) linear dimension of Sff is just Xlilo^l^^ + 1) = ; the 
same as the dimension of X-dimensional matrices. In fact the map Ai is one to one and 
onto. Therefore the product of ra-dimensional matrices induces a "star" product on the 
space of truncated functions 

fi*f2 = M-\M{h)M{h)) . (14) 
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The ^-multiplication (|14j) makes Sf^ into an algebra called the fuzzy sphere algebra. 

For practical purposes it is better to use the isomorphism Ai and think of Sj^ as 
the set of N-dimensional matrices with the multiplication given by standard matrix 
multiplication. 

5 Interacting dipoles and the fuzzy sphere 

McGreevy, Susskind and Toumbas have performed a classical analysis of the dipole 
model in [2E] and conjectured that the quantum version of the model must be 
described by noncommutative geometry. Briefly, their analysis is as follows. As one 
increases the angular momentum of the dipole the distance between the charges also 
increases. Therefore the angular momentum must be cut off when the size of the dipole 
equals the diameter of the sphere. It is this angular momentum cutoff which is very 
suggestive of the fuzzy sphere algebra. In the first part of the paper I have shown that 
the dipole model j^H] gives the low energy description of the open WZW strings. In the 
remainder of the paper I will derive the fuzzy sphere algebra by studying the interaction 
vertex of the quantized dipoles thus confirming the McGreevy, Susskind and Toumbas 
conjecture. 

Our first task is to quantize the dipole model Q. It is convenient to add a mass term 
to the two dipole charges, quantize the model and then take the mass to zero. Then all 
the higher Landau levels decouple. We will treat the Hamiltonian as a perturbation 
which will remove the degeneracy of the LLL. Before discussing the dipole I will consider 
a single charged particle moving on 5*^ in a magnetic flux m . 

Note that 5*^ = SU(2) /U(l) so we can identify functions on S"^ with U(l) left-invariant 
functions on SU(2) . Let V^^i^g) denote the Wigner symbols defined as 

'i^iM=<pPi9)\q> , (15) 

where \q >, q = —j, ■ ■ ■ ,j are states in the spin j representation of SU{2) . For any 
h = diag(e*'^, e"*"^) G U(l) we have 

1^^M)='^^M^''''' ■ (16) 
Thus, up to normalization we can identify the spherical harmonics YJ^ with VL and 
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expand functions on 5*^ as 

oo I 
1=0 p=-l 

The other Wigner symbols V^^ for g 7^ are also useful j2Zl- It turns out that the 
functions 

00 j 

^m{g) = J2H cpiM ' (17) 

j=q p=-j 

where m = 2g G Z , give the global expansion for sections of the charge m monopole 
line bundle. From a mathematical point of view (|17p is just a useful way of representing 
section of a nontrivial line bundle as function on a principal bundle. However, it is 
possible to arrive at this result, as I will briefly discuss by considering the auxiliary 
problem of a free particle on 5*^ followed by a Kaluza-Klein reduction. For the detailed 
calculations see the appendix. 

To understand the above statement, consider a free particle moving on = SU(2). 
The isometry group is S0(4) which up to a global identification is the same as SU(2) x 
SU(2) . A complete set of commuting generators is given by J3 , J3 and = . Then 
'^mnid) ioim a complete set of states with eigenvalues m , n , and j{j + 1) . Locally we 
can perform a Kaluza-Klein reduction along the U(l) factor. As shown in the appendix, 
the background metric qab on decomposes as follows 

Here G^i, is the metric on a S"^ sphere of diameter one, is the charge one monopole 
gauge field and $ gives the size of the U(l) factor. 

As usual in Kaluza-Klein reduction, fields carrying momentum in the compact direc- 
tion are charged under the U(l) gauge fields with charge proportional to the momentum 
J3 . Therefore, using (fT^ we see that (fTTj) can be interpreted as the state of a particle of 
electric charge m in a charge one monopole background. Equivalently we can interpret it 
as the state of a charge one particle in a m magnetic flux background. The Hamiltonian 
for the free particle on is proportional to = j{j + 1) so to restrict (jl7j) to the LLL 
we must set j = q ■ The reduced Hilbert space is just Tim = C™"*"^ and contains only the 
states 

p=-q 
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For a dipole the Hilbert space is given by ?i = Ti^ x 7i„m = C x C and this 
is isomorphic to the space of A^-dimensional matrices. This is the first indication that 
we are on the right track given the relation between the fuzzy sphere algebra and the 
matrix algebra.*^ What remains to be shown is that matrix multiplication is relevant for 
describing dipole interactions. First note that states of the dipole are of the form 

s,t=—q 

or using the unitarity of the representation 

"^{91,92) = Yl MstV^9i)V?,{92) ■ (18) 

s,t= — q 

It is useful to define an inner product 

<v[/a)|v[/(2)>=(2g + l)2 f f dgidg2^^'K9i,92)'^^'\9i,92) , (19) 

J >/SU{2) 

where dgt is the Haar measure on the SU(2) group. Using the orthogonality relations 
for the Wigner symbols 

/ dgVEM^^'^qM = 5'^'' ^npA.,. . (20) 

Jsu(2) ^Ji + J- 

we see that < ^(1) I ^(2) >= Tr(M(^)tM(2)) . 

Having performed first quantization for a single dipole we can now consider the Fock 

space of multi-dipole states and introduce interactions. Since the dipoles are the low 

energy states of strings it is natural to assume a contact interaction for the endpoints of 

the dipoles i.e. the positive charge of the first dipole annihilates the negative charge of 

the second dipole etc. as shown below 




'^If the string stretches between two D-branes with magnetic fluxes m and m' centered at the same 
point, the Hilbert space is given by Hmm' = 'Hm x 'H-m' = x and it is isomorphic to the space 
oi N X N' dimensional matrices. These are the projective modules of the fuzzy sphere algebra. 



10 



For example, the vertex interaction for two incoming and one outgoing dipoles is pro- 
portional to 

(2g+ 1)3 [ [ [ dgrdg2dg:,W){^)^^^\g^,g2)¥^\g2,gz) . 

J J JSU(2) 

The charges of the dipoles have contact interactions and we have to integrate over the 
locations of the interaction points. Note also that the vertex interaction can be naturally 
written in terms of the ^-product 

vl/«*vl/(2)(^^,^2) = (2g+l) f dg^^^\g,,g)m^'\g,g,) , (21) 

JSU{2) 

and the inner product (fT^ . 

Upon integration, using the orthogonality relations for the Wigner symbols (|2U|) the 
♦-product (pT|l reduces to 

s,t=—q \u=—q / 

Lo and behold, the state of the resulting dipole is described by the product M^^^M'-^-* of 
the matrices corresponding to the incoming dipoles. Thus I have shown that the vertex 
interaction of dipoles is naturally described using traces and matrix multiplication, the 
latter being equivalent to the *-multiplication of the fuzzy sphere algebra (|14j). This is 
the main result of the paper. 

Note that when the location of the two opposite charges of the dipole coincide the 
wave function is just ^{g,g) . This is a true function on S'^ and can be identified with 
the truncation p2|) . There have been many attempts to write a star product on the 
fuzzy sphere using (I12p . In most cases however the resulting formulae lack the simplicity 
of the Moyal star product on the plane. Alternatively one could use a function of two 
variables '^{gi,g2) as in ()18|) in which case the star product has the simple form (PT|) . 
This remarkable form of representing the fuzzy sphere algebra was introduced in j2H] as a 
trick in an attempt to write the star product. We have found the physical interpretation 
of p8|l as the state of the dipole with the charges on the LLL and of the star product ^Z\\ 
as the contact interaction of dipoles 

Finally, note that the Hamiltonian (fTT|) lifts the degeneracy of the states (fTHj) . States 
with different total angular momentum have different energies. It is an interesting exer- 
cise to calculate these energies and the propagator. 
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6 Concluding remarks 



While our presentation highlighted the link between the nonlocal nature of the dipole 
interaction and the fuzzy sphere algebra I would like to point out that we have first taken 
the low energy limit of the WZW-model and then quantized. In fact one should first 
quantize and then take the low energy limit as quantization and taking the scaling limit 
do not commute. Just as for the superstring in flat space (after the GSO projection) the 
lowest energy states correspond to some of the string oscillator state being excited, the 
lowest energy states for the WZW open strings also have one oscillator state excited. 
Since there are three possible oscillators there exist three species of strings (similar to the 
polarizations states of open strings in fiat space). This is why in the matrix model j2Sl 
one needs three operators X*, i = 1, 2, 3 . 

Our analysis also makes it clear why it is necessary to restrict to D-branes of finite 
m magnetic flux. If one takes k ^ oo keeping the ratio m/k fixed it is not necessary to 
do the rescaling of the coordinate ^/^ as in (jHJ and then the kinetic energy term does not 
vanish. In that case large angular momentum states have energies of the same order of 
magnitude as stringy excitations. Thus the latter do not decouple. This is the reason 
for the lack of associativity observed in [THl EH] • 

A problem left for further study is to extend our approach to D-branes on arbitrary 
group manifolds.^ In particular it would be interesting to investigate nonabelian fibers 
which are related to the nonabelian quantum Hall effect [201 • 
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Appendix 

In this appendix I will discuss the Kaluza-Klein reduction of the Schroedinger equation 
for a free particle from = SU(2) to =SU(2)/U(1) along the U(l) fiber. States 
'^In general these are twined conjugacy classes. 
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carrying momentum m along U(l) will be identified with a charged particle on 5*^ in a 
magnetic flux m . 

In a neighborhood on the identity any g G SU(2) can be written as g{6,(j),y) = 
go{9, (j))h{y) , where go{9,(j)) = e'^'^e*^^ gives a local parameterization of the base and 
h{y) = 6*°"^^ a parameterization of the U(l) fiber. Plugging g = g^h into the Killing 
metric on SU(2) given by ds^ = —^Ti {g^^dg g~^dg) we obtain 

ds' = -^Tiiig^'dgogo'dgo) + 2{g^^dg^dhh~^) + {h~'dhh-'dh)] . (22) 
On the other hand we can write the metric on in a Kaluza-Klein form 

/ de \ 

ds' = dO 




(23) 

\dy J 

where G^y is the metric on the S'^ base space, is a U(l) gauge field and $ is a scalar. 
We can obtain G^i, , A^ and $ by comparing (|22p and (|23|). After a trivial calculation 
we have 

G^ydx^dx" = ^{d9^ + sin^ 9d(f)^) , A^dx^" =^cos9d(f) , $ = 1 , 

that is, the metric on a of diameter one, the monopole gauge field and a constant 
scalar field measuring the radius of the U{1) fiber. Note that go is not well defined 
globally. However we can cover the base with patches to obtain the global description. 
Locally different choices of go are then U{1) gauge equivalent. 

Next consider a (non relativistic) scalar field on with the action given by 

^ = jdtj d^^Va (^t^dt^ -^dA^g^''{x)dB^ - Eo'^^^ , (24) 



where gAB is the standard metric. The equation of motion derived from ()24p is just 
the Schroedinger equation for a free particle of mass M , and the last term is such that 
the ground state energy is set to Eq . 

The isometry group is S0(4) which modulo some global identifications is just SU(2) x 
SU(2) . A complete set of commuting operators is given by J3 , J3 and .P = . Then 
the Wigner symbols psp form a complete set of states and satisfy 



hVj,^{g) = pV^^ig), 
J,V^,{g) = qVl^ig), 
J'l^Lig) = j{j + l)VUg) 
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Furthermore, the Hamiltonian which up to an additive constant is proportional to the 
Lapacian, can be written as 7^53 = -^J"-J°- + Eq = + 1) + Eq . 

Locally we can perform the Kaluza-Klein reduction along the U(l) factor. If we 
substitute 

pimy 



and the decomposition of the metric into the action pij) we obtain S = J2mez 
where 



dt j dOdcj) VG [i-^^dt^„, 

Dlr^^mG'"'Dl"'^^m - ( + Eo] ^m^r 



(25) 



Here D^^^ = d^ — imAn is the covariant derivative in a charge m monopole background. 
Thus fields carrying momentum m along the compact direction are charged under the 
U(l) gauge field with charge m . 

Let us concentrate on the momentum m = 2q sector for which a complete set of 
eigenfunctions is given by V^g{g). Using ()25p we see that the Hamiltonian 7Y53 is related 

'•52 -^0 • -^f Dct J^O - M "''^ cij^ciiiuii^tiwiiD ^pgy 

2 

M' 



to the Hamiltonian Ti.^^'' of the particle on S'^ in a flux m magnetic field by 7Y53 
'^52^ + 2!?^^ + Eq. If we set Eq = ^ the eigenfunctions D^^{g) satisfy 

n's'f^T^M = irlijij + 1) - + • (26) 



Thus the lowest LLL V^^^g) , p = —q, . . . ,q obtained for j = q have zero energy. As 
can be seen from (pUj) in the limit M — > 00 all the higher Landau levels decouple. 
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